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Abstract: We present a variational principle for small amplitude periodic solutions,
with fixed frequency, of a completely resonant nonlinear wave equation. Existence and
multiplicity results follow by min-max variational arguments.

1. Introduction

We consider the completely resonant nonlinear wave equation

Uy —uyy + f(u) =0, 1)
u(t,0) =u(t,m) =0,

where f(0) = f’(0) = 0. We present a variational principle for finding small ampli-

tude periodic solutions of (1), with fixed frequency, “branching off” from the infinite

dimensional space of solutions of the linearized equation at 0,

Uy —uyx =0, u(t,0) =u(,m)=0. ()

Any solution v = ijl &j cos(jt + 6;)sin(jx) of (2) is 27 -periodic in time.

For proving the existence of small amplitude periodic solutions of completely res-
onant Hamiltonian PDEs like (1) two main difficulties must be overcome. The first (i)
is a “small denominators” problem and the second (ii) is the presence of an infinite
dimensional space of periodic solutions of the linearized equation with commensurable
periods (infinitely many resonances among the linear frequencies of small oscillations):
which solutions of the linearized equation (2) can be continued to solutions of the non
linear equation (1)?

Problem (i) can be tackled via KAM techniques (see Kuksin [14] and references
therein) or Nash-Moser Implicit Function Theorems (Craig-Wayne [11], Bourgain [9]).

* Supported by M.U.R.S.T. Variational Methods and Nonlinear Differential Equations.
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Recently Bambusi [3], see also [5, 7], has introduced a strong non resonance condi-
tion for the frequency which allows to use, for second order equations, the standard
Contraction mapping Theorem.

Concerning Problem (ii) no general results are yet available. In [5, 7] and [4] a
method based on the Implicit Function Theorem, is introduced: non-degenerate critical
points of a suitable functional can be continued, into periodic solutions of the nonlinear
equation. Clearly the main difficulty in this method is to check, if ever true, such non-
degeneracy condition (it is verified in [5, 6] for f(u) = w3 +0?)). In[12] some results
are obtained for partially resonant cases, i.e. when only finitely many linear resonances
are present, generalizing the variational principle of Weinstein [16] and Moser [15] for
periodic solutions with fixed energy, see also [10]. The main drawback of this approach
for infinite dimensional systems is that the frequency of the periodic solution appears
as a “Lagrange multiplier” of a suitable action functional constrained on a sphere-like
manifold and it is difficult to control these multipliers. On the other hand, for solving
the small denominators problem (i), one has to fix the frequency in some good nonreso-
nant set. Some control on the frequency is recovered requiring suitable non-degeneracy
assumptions on the nonlinearity and this leads to existence results.

In this paper we introduce a variational principle, never used before for PDEs, for
getting solutions with fixed frequency: we impose the frequency to satisfy a strong irra-
tionality property for overcoming the small divisor problem (i) and we solve problem
(ii) exploiting min-max variational arguments.

More precisely, by the classical Lyapunov-Schmidt procedure one has to solve two
equations: the (P) equation, where the small denominators problem (i) appear, and the
(Q) equation which is the “bifurcation equation” on the infinite dimensional space of
solutions of (2), problem (ii). The (P) equation is solved by an Implicit Function Theo-
rem. In order to focus our attention on problem (i7), we simplify the small denominators
problem (i) imposing on the frequency w the same strong irrationality condition as in [5]
and using the Contraction mapping Theorem. Once the (P) equation is solved it remains
the infinite dimensional (Q) equation: we solve it via a variational principle noting that
it is the Euler-Lagrange equation of a “reduced action functional” &, defined in (7).
Non-trivial critical points of ®,, can be obtained by min-max variational arguments. We
underline that our variational approach for solving the (Q) equation keeps its validity if
the (P) equation can be solved for more general frequencies with a Nash-Moser Implicit
Function Theorem.

We illustrate in Sect. 3 the potentialities of our approach showing the existence of
periodic solutions of Eq. (1) for the nonlinearities f(u) = au? (a # 0), where p is
either an odd or an even integer. Much sharper results can be obtained, see Sect. 4, and
are proved in [8]: “optimal” multiplicity results, information on minimal periods and
regularity of the solutions.

For finite dimensional Hamiltonian systems we quote the results of Fadell and Ra-
binowitz who proved in [13] existence and multiplicity of periodic solutions with fixed
period through a minimax argument which exploits the natural S! symmetry of the
problem (induced by time translations).

2. The Variational Principle

2.1. The variational Lyapunov-Schmidt reduction. We look for periodic solutions of
(1) with frequency w as u(t, x) = g(wt, x), where g(-, x) is 2z periodic. After this
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normalization of the period we have to solve the problem
@y — ey + f@) =0, u(t,0) =u(t,7) =0, ult+27,x)=ulx). 3

We look for solutions of (3) u : @ — R, where Q := R/27xZ x (0, ), in the Banach
space

X = [u e HQ R NLOQ.R) | u(t.0) =u(t.7) =0, u(—t,x) = u(t,x)}

endowed with the norm
[ullx = [u|oo + Ilull,

|| || being the norm on H' () associated to the scalar product
(u, w) := / dt dx uswy + Uy wy.
Q

We can restrict to the space X of functions even in time because Eq. (1) is reversible.
Any u € X can be developed in Fourier series as

u(t,x) = Z ujjcosltsin jx,
1>0,j>1

and

2
b4
(u,v) = — E u[jw[j(l2 +j2) Yu,w e X.
2 -
1>0,j>1

We denote by |ul;2 == ([ [u|*)!/? the L?>-norm of u € X and by (u, w),> := [ uw
the L>-scalar product.

The space of the solutions in Hé (€2, R) of the linear equation v;; — vy, = 0 that are
even in time is

V= {v(t,x) = ZE]- cos(jit) sin jx ’ £; €R, ijé.]g - ~|—oo}.

izl izl

The space V can also be written as
Vi={o@0 =6 +x) =@ -0 | 1) € H' (D), nodd],

where T := R/2rnZ.

On V the norm || ||y is equivalent to the H'-norm || || since, for v = Y &jcos(jr)
sin(jx) € V, we have [v|oo < ) |£;| < Cl[v|| by the Cauchy-Schwarz inequality.
Moreover the embedding (V, || - ||) < (V, | - |oo) is compact. For the sequel we endow
V with the H' norm.

Remark 2.1. We do not use the same norm as in [5] on X because we want V to be
endowed with the H' norm: it appears in the quadratic part at 0 of the reduced action
functional ®,,, see (10). We do not work just in H!(£2) because Lemma 2.3 requires a
space of bounded functions to work.
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We next consider the Lagrangian action functional ¥ : X — R,
2 b4 C02 5 1 )
Y (u) = dt dx —u; — -uy — F(u),
0 0 2 2
where F(u) := f(;‘ f(s) ds. It is easy to check that ¥ € C'(X, R) and

2T T
DV (u)[h] :/ d:/ dx w’ushy — uyhy — fwh, Vh e X.
0 0

Critical points of W are weak solutions of (3).
In order to find critical points of ¥ we perform a Lyapunov-Schmidt reduction. The
space X can be decomposed as X = V @ W, where!

W .= {weX‘(w,v)Lzzo,VveV}

= { Z wyj cos(lt) sin jx € X ‘ wjj=0Vj> 1}.
1>0,j>1
W is also the H'-orthogonal of V in X.

Setting # := v+ w withv € V and w € W, (3) is equivalent to the following system
of two equations (called resp. the (Q) and the (P) equations)

Q) — v+ v =y f+ w),
(P) — WP wy + wey = My f(v 4 w).

Note that w solves the (P) equation (in a weak sense) if and only if it is a critical point
of the restricted functional w — W(v + w) € R, i.e. if and only if

2 b4
DY (v +w)lh] = f dt/ dxa)zw,h, —wyhy — fw+w)h =0, VheW. 4
0 0

We first solve the (P) equation by an Implicit Function Theorem. Small denomina-
tors appear here. As already said, we will bypass this aspect of the problem assuming
that o € W := U, .oW,,, where W, is the set of strongly non-resonant frequencies
introduced in [5]

Y
l 9
As proved in Remark 2.4 of [5], for y < 1/3, the set W, is uncountable, has zero
measure and accumulates to @ = 1 both from the left and from the right.

Wyzzia)eR‘kol—jIZ w;ez].

Lemma 2.1. For o € W, the operator L, := — 20y + Oy D(L,) C W — W has
a bounded inverse L;l : W — W satisfying, for a positive constant C| independent of
y and w, ||L;1|| < (C1/y). Let L~ : W — W be the inverse operator of — 0 + Oxx.
There exists Cy > 0 such thatVr,s € X,

o — 1]

\/Qra,x)(L;—L*‘)(nwso,x))drdx <G Irllx llsllx. (5)

Lifw = Zulj cos(lt)sin(jx) € X, the H! norm, and so the L® norm, of My ) :=
Z“jj cos(jt) sin(jx) is finite and [Ty (#) € X. As a consequence Iy (u) = u — [y (u) € X.
Moreover the projectors Iy : X — V and [Ty : X — W are continuous.
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Proof. W.r.t. to Lemma 4.6 of [5] we have to prove that L;l W C L°°(2) and (5). Itis
done in the Appendix. O

Fixed points of the nonlinear operatorG : W — W defined by G(w) := L;l My f(v+
w) are solutions of the (P) equation. In order to prove that G is a contraction for v suffi-
ciently small, we need the following standard lemma on the Nemytsky operator induced

by f.

Lemma 2.2. The Nemitski operator u — f(u) is in CY(X, X) and its derivative at u
is Df ()[h] = f'(u)h. Moreover, if f(0) = f'(0) = ... = fP~D(0) = 0, there is
po > 0 and positive constants C3z, Ca, depending only on f, such that, Vu € X with
lullx < po,

-1 -2
1f@)llx < Cslulbs Hullx < Csllully.  |1f @hllx < Calulss " lullx [1k]lx
-1
< Callull%"lIAllx.  (6)

The next lemma, based on the Contraction mapping Theorem, is similar to Lemma
4.6 of [5].

Lemma 2.3. Let f(0) = f/(0) =... = fP~D(0) = 0 and assume that o € W, There

exists p > 0 such that, Vv € D := {v € V | ||v||[P~' )y < p} there exists a unique
w(v) € W which solves the (P) equation. Moreover

o D) llw@llx = O(III?/y);
o ii) ¥r € X, | ) = Ly Ty f@) r| = 0((A/yDlvl P~ Irlx);

e iii) the map v — w(v) is in C'(D, W);
e iv) w(—v)(t,x) =w)(t +m, 7 — x).

Once the (P) equation is solved by w(v) € W, there remains the infinite dimensional
(Q) equation —?vy + vy = Iy f(v 4+ w(v)). We claim that such an equation is the
Euler-Lagrange equation of the reduced Lagrangian action functional ®, : D — R
defined by

2 T 0)2

Dy, (V) == V(4 w(v)) =/0 dt/o dx — (v + (w()))?

—%(vx + @®))* = F+w@)). (7)
Indeed, by Lemma 2.3-iii) ®,, is in C'(D,R) and Vi € V,

D@, (v)[h] = DV (v + w(v))[h + dw(v)[h]] = DU +w)hl, (8
since dw(v)h € W and w(v) solves the (P) equation (recall (4)). By (8), for v, h € V,

D®,(v)[h] = /th dx w*vihy — vehy — Ty f (v + w(v)h
= (v, h) — /th dx Ty f (v + w(v))h, 9)

where ¢ := (w? — 1)/2. By (9), a critical point v € D C V of @, is a solution of the
(Q)-equation:



M. Berti, P. Bolle

Theorem 2.1. If v € D C V is a critical point of the reduced action functional ®,, :
D — R thenu = v+ w(v) is a weak solution of (3).

Remark 2.2. This reduction gives also a necessary condition: any critical point u of @,
sufficiently close to 0, can be written as # = v + w, where v € V is a critical point of
®, and w = w(v), see [1].

We have reduced the problem of finding non-trivial solutions of the infinite dimen-
sional (Q)-equation to the problem of finding non trivial critical points of the reduced
action functional ®,, (by (9) v = 0 is a critical point of &, for all w).

By (7) and formula (4) with 7 = w(v), the reduced action functional can be developed
as

w? 5, 2 1
d,W) = /Q dt dx Tv, -5~ Fvo+w)) + Ef(v + w))w(),

and since [v/[7, = |vil7, = |[v][*/2,

1
®,,(v) = §||v||2 4 /Q dt dx [Ef(v + w)w) — Fu+ w(u))], (10)

where ¢ := (a)2 —1)/2.

By (10) and the bounds of Lemma 2.3, ®,, possesses a local minimum at the origin
and we shall show that ®,, satisfies the geometrical hypotheses of the Mountain Pass
Theorem [2]. However we can not apply directly this theorem since ®,, is defined only
on a neighborhood of the origin. In the next Subsect. 2.2, we prove an abstract theorem
which can be applied directly to our problem.

2.2. Existence of critical points: An abstract result. Let ® : B. ¢ E — Rbea C!
functional defined on the ball B, := {v € E | ||v|| < r} of a Hilbert space E with scalar
product (-, -), of the form

D(v) = §||v||2—G<v>+R<v>, an

where G # 0 and

e (H1) G € CY(E,R) is homogeneous of degree ¢ + 1 with g > 1, i.e. G(\v) =
AT1G(v) VA € Ry;

e (H2) VG : E — E is compact;

e (H3) R e CY(B,,R), R(0) = 0and for anyr’ € (0, r), VR maps B, into a compact
subset of E.

Theorem 2.2. Let G satisfy (H1), (H2) and suppose that G(v) > 0 for some v € E
(resp. G(v) < 0). There is a > 0 (depending only on G) and gy > 0 (depending onr)
such that, for all R € C'(B,,R) satisfying (H3) and

[(VR(), v)| < al[v]|7™, Vv € B, (12)

foralle € (0, g9) (resp. € (—e&g, 0)), ® has a non-trivial critical point v € B, satisfying
o]l = 0/,
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Remark 2.3. The key difference with the approach of [5] is the following: instead of
trying to show that the functional (g/2)||v| 12— G(v) possesses non-degenerate critical
points (if ever true), and then continuing them through the Implicit Function Theorem as
critical points of @, we find critical points of ® showing that the nonlinear perturbation
term R does not affect the mountain pass geometry of the functional (¢/2)||v] 12— G(v).
Actually, in [5], non-degenerate critical points of G constrained on S are continued.
This is equivalent to what was said before since any critical point ¥ of G constrained
to S gives rise, by homogeneity, to a critical point (¢/(g + 1)G(0))/471% € E of the
functional (¢/2)| |v||2 — G (v), provided that ¢ and G (V) have the same sign.

Proof of Theorem 2.2. For definiteness we assume that G(v) > 0 for some v € V and
we take ¢ > 0.

The steps of the proof are the following: 1) Define on the whole space E a new
functional ® which is an extension of ®,y for some neighborhood V of 0, in such a way
that @ possesses the Mountain-Pass geometry, see (15). 2) Derive by the Mountain-Pass
Theorem the existence of a “Palais-Smale” sequence for @, see (16). 3) Prove that (v;,)
converges to some critical point v in an open ball where ® and ® coincide.

Step 1. Let us consider v € S := {v € E | |[|[v]| = 1} such that m := G(v) > 0. The
function t — (g/2)||10]|*> — G(tv) = (g/2)t* — t9F ' m attains its maximum at

< £ >1/(q—1)
reg = ———
(g+ DHm

with maximum value ((1/2) — 1/(q + 1))8!‘82.
Let L = [0, +00) — R be a smooth cut-off non-increasing function such that

A@s)=1if s €[0,4] and A(s) =0 if s € [16, 4-00). (13)

Choose &g > 0 small enough, such that 4r;, <r.Forall0 < e < g
we define a functional R, : E — R by

2
R:(v) ::)»(HULI >R(v) if ve B, and R.(v) :=0 if v ¢ B,.
r

&

1?8 e CY(E,R), 1’!1|32,_E = R|B,, and, by (12)-(13), there is a constant C depending on
A and g only, such that

Voe E R < Call|l¥™"  and  [(VR:(v), V)| + |Re(v)] < Card™!.
(14)

Then we can define ® on the whole E as
~ & 5 ~
O(v) := Ellvll = G(v) + Re(v).

5(0) = 0and ® possesses the Mountain pass geometry: 36 > 0 and w € Rv with
[lw]| > 8, such that

(i) inf ®(v) >0, (ii) D(w) < 0. (15)
v€EDIBs
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Equation (15)-(ii) holds for w = Rv with R large enough since limg_, 5(RE) = —00.
For Eq. (15)-(i), observe first that by the compactness of VG : E — E, G maps the
sphere S into a bounded set. Hence there is a constant K > 0 such that |G(v)| <
K|[v]|9*t!, and by (14), any § € (0, R) such that (¢/2)8> — (K + Ca)89t! > 0is
suitable.

Step 2. Define the Mountain pass paths

r={yeco1.6 |y =0y =uw
and the Mountain-pass level

— inf o )
Ce ;rel”rer%gﬁ] (¥ (s))

By (15)-(i), ce > 0. By the Mountain-Pass Theorem [2] there exists a sequence (vy)
such that

Vo(v,) = 0,  D(vy) = ce, (16)
(Palais-Smale sequence).

Step 3. We shall prove that for n large enough v, lies in a ball By, for some h < 2r,. For
this we need an estimate of the level c,. By the definition of ¢, and (14),

~ )
¢ < max ®(sRD) < max —||tv]* — (m — Ca)||to]|7T!.
e = max ( )_re[o,R]ZH [l ( ) |tv]|

Computing the maximum in the right-hand side, we find the estimate

1 1 m 2/(g—1) 5
< - — . 17
Cg_g(Z q—i—l)(m—Ca) Te (7

We claim that lim sup,,_, , ., ||vx|| < 2r¢. If not, up to a subsequence, lim,,,  [|v, || :=
v € [2r, +0o0]. By the homogeneity of G, (V®(v),v) = ellv]®>— (g + DG)+
(VR (v), v) and, by (16),

(VO(n), vn) = l|val> = (g + )G () + (VR (vn), va) = fanl|vnl]

with lim;,_, oo 4, = 0. This implies

(1 ! >|| 12 = B(va) — ol — Reon) + L wR ). o)
E\ - — — U = v — V. — V. _— Un), Up).
) 61+1 n n q+1 n e\Yn q+1 e\Un n

Since 5(1)”) — ¢, and using (14), we derive that the sequence (||v,||) is bounded and
so v < oo. Taking limits as n — 00, we obtain

1 1 o
s(z—q+1)v2563+car§1+] ch-l-c/ggrez’ (18)

by the definition of r, and for some positive constant C’. Since v > 2r,, (18) contradicts
estimate (17), provided & has been chosen small enough (depending on g and m only).
Thus v, € By, (for n large), for some i < 2r,, and since ® = @ on By,

V&S(vn) =Vod(v,) =¢ev, — VG(vy) + VR(v,) — 0.

Since (v,) is bounded, by the compactness assumptions (H2) and (H3), (v,) converges
in By, to some non-trivial critical point v of ® at the critical level ¢, > 0. O
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To complete this section, we note that when & is invariant under some symmetry
group (e.g. ® is even), multiplicity of non-trivial critical points can be obtained, as in
the symmetric version of the Mountain pass Theorem [2].

We remark that the reduced action functional ®,, defined in Subsect. 2.1 is even?.
Indeed defining the linear operator 7 : X — X by (Zu)(t,x) := u(t + 7,7 — x),
Vo7 = V¥, and, by Lemma 2.3-iv) and since —v = Zv,

Pu(—v) =V (—v+w(=v)) =VZ W+ w®) =¥ +wh) =Pu). 19)

We can prove that the number N, of non-trivial critical points of ®,, in D increases to
400 as the frequency w tends to 1. These and other results are presented in Sect. 4 and
proved in [8].

3. Applications to Nonlinear Wave Equations

As an illustration of our method we prove existence of periodic solutions of the nonlinear
wave equation (1) when f(u) = au? (a # 0) for p > 2 odd and p even integer. Here
Fu) :=au?™/(p +1).

3.1. Case I: p odd.

Lemma 3.1. Let f (1) = au? for an odd integer p. Then the reduced action functional
@, : D — Rdefined in (7) has the form (11) with ¢ = (0?* — 1)/2,

+1
G(v) :=/ F(v):a/ o and R(v)::/ —F(w+w©))+ F(v)
Q oprptl1 Q

1
+ Ef(v +w@)w(v).

Moreover (VR(v), v) = O(|[v]|*P).

Proof. We find, by (9), (VR(v), v) = fQ(f(v) — f(v+w(v)))v and so, by Lemma 2.3
and |v|eo < Cllv]],

|(VR(v), v)| < /;2 |f @) = f@W+w®)] o] < [w®)leolvli = O(PIPP). O

We have to check the compactness properties (H2) and (H3).
Lemma 3.2. G and R satisfy assumptions (H2) and (H3).

Proof. We have (VG (v), h) = fQ avPh and (H2) stems from the compactness of the
embedding H'(Q) — L2P(Q2). Now let (vg) be some sequence in B,s, with 1’ < r,
B, C D.Then, up to asubsequence, vy — ¥ € V weakly for the H' topology and v; —
vin |-|c. Moreover since wy := w(vy) too is bounded we can also assume that wy — w
weakly in H! and wy — win | - |La norm for all ¢ < co. We claim that VR (vr) — R,
where (R, h) = fQ f @+ w)h — avPh. Indeed, since wy — win | - |14, it converges
(up to a subsequence) also a.e. We can deduce, by the Lebesgue dominated convergence
theorem, that f(vx + wy) — f(U+ w) in L? since f(vk + wi) — f (U + w) a.e. and
(f (v + wy)) is bounded in L>°. Hence, since (VR (vy), h) = fQ fg+wp)h — av,fh,
VR(w) — R. O

2 Not restricting to the space X of functions even in time the reduced functional would inherit the
natural S! invariance symmetry defined by time translations.
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G (v) is homogeneous of order p+ 1 and fora > 0, G(v) :=a fQ Pl > 0 Vo #£0.

By Lemma 3.1 we can choose r small enough so that Vv € B, (VR(v), v) < «||v| |”+1,
where « is defined in (12). Applying Theorem 2.2 we obtain :

Theorem 3.1. Let f(u) = au? (a # 0) for an odd integer p > 3. There exists a positive
constant Cs := Cs(f) such that, Vo € W, satisfying |o — 1| < Cs and v > 1 if
a > 0(resp. w < lifa < 0), Eq. (1) possesses at least one 21 /w-periodic, even in time
solution.

3.2. Case ll: p even. The case f(u) = au? with p even integer requires more attention
since, by Lemma 3.4 below, [o, vPHl =0,

Lemma 3.3. Let m : R> — R be 2m-periodic w.r.t. both variables. Then

2r  pm 1 27 p2w
/ / m(+x,t—x)dtdx = —/ / m(sy, s2) dsy ds».
o Jo 2Jo Jo

Proof. Make the change of variables (s1, s2) = (f + x, t — x) and use the periodicity of
m. 0O

Lemma 3.4. Ifv € V then v? € W. In particular [ vPT! = 0.

Proof. For all v(t,x) = n(t +x) —n(t —x),u(t,x) =gt +x)—qit —x) e V,by
Lemma 3.3,

2 T
/ / V2P (¢, x)u(t, x) dx dt
0 0

1 27 27 2
= Efo fo (n(S1) - ﬂ(sz)) (g(s1) —q(s2)) dsy dsy =0,

because (sq, $2) — (n(s1) — n(s2))2? (g(s1) — q(s2)) is an odd function. O
We have to look for the dominant nonquadratic term in the reduced functional .

Lemma 3.5. Let f(u) = auP with p > 2 an even integer. Then ®,, : D — R defined
in (7) has the form (11) with ¢ := (w?* — 1)/2,

a2
GW) := —/ v L™ P and
2 Jo

2
R(v) : / %f(v + w)w) — Fv + w(v)) — %UPL_IU‘”.
Q

Moreover (VR(v), v) = O(||[v]PP~ + |e]| ||v]2P).

Proof. We find, by (9), (VR(v), v) = fQ f+w)v — pavP L~ 1P, Developing
in Taylor series, using Lemma 2.3-i)-ii) and fQ vP*T! =0, we obtain

(VR(v), v) =/ Fv+ £ wE) + o(|PP~Y — pa*vP L~ P
Q

- / pa*vP L WwP + o(|v||*P~Y) — pa?vP L~
Q
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= /Qpazvp[L;lv” —L‘lv”] +O(vIPP7h
= O(le| |[v[I*? + [Jo]PP7h),
by (5). O
The next lemma, proved in the Appendix, ensures that G = 0.
Lemma 3.6. G(v) := (a?/2) [qvPL™'vP <0, Vv #£0.

G is homogeneous of degree 2 p (property (H1)); VG, VR still satisfy assumptions
(H2) and (H3). By Lemma 3.5, choosing first r then ¢ small enough, we can apply
Theorem 2.2 and we get:

Theorem 3.2. Let f(u) = au? (a # 0) and p be an even integer. There is Cq =
Ce(f) > 0 such that, Vo € Wy, o < 1, with |w — 1| < Cg, Eq. (1) possesses at least
one 21 /w-periodic, even in time solution.

4. Further Results

Much stronger results than Theorems 3.1 and 3.2 can be obtained. For any smooth non-
linearity f(u) = O (u?) with some f”(0) # 0, for w € W inaright or left neighborhood
of 1, we prove in [8] the existence of a large number N, of 27w /w-periodic classical
CZ(Q) solutionsuy, ... ,up, ... ,un, with N, — +o0casw — 1 (N, = /y*/|w — 1]
for some 7 € [1, 2]). Moreover the minimal period of the n'™ solution u,, is proved to be
27 /nw.

The following theorems are proved in [8]. For o € W := U, oW, define y,, :=
max{y |w € W,}.

Theorem 4.1. Let f(u) = au” + h.o.t. (a # 0) for an odd integer p > 3. Then there
exists a positive constant C7 := C7(f) such that, Vo € W and Vn € N\{0} satisfying

lw — 1|n?

Yo

<Gy

and w > lifa > 0 (resp. o < 1ifa < 0), Eq. (1) possesses at least one pair of even
periodic in time classical C? solutions with minimal period 27 | (nw).

Theorem 4.2. Let f(u) = au? (a # 0) for some even integer p. Then there exists a
positive constant Cg depending only on f such that, Vo € W withw < 1, Yn > 2 such
that

(lo — 1n?)"/2

Vo

< Cs,

Equation (1) possesses at least one pair of even periodic in time classical C* solutions
with minimal period 27t [ (nw). If p = 2 the existence result holds true forn = 1 as well.

When f (1) = au? +o(uP), p even, two other cases have to be considered, according
to the behaviour of the higher order terms of the nonlinearity f. We shall not enter into
the details, see [8].
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5. Appendix

Proof of Lemma 2.1. Writing w(t, x) = Y120 j>1, j2 Wi,j cos(lt) sin(jx) € W we
claim that -

_ |wlj| C
Lolwlees Y S<C(|w|Lz+—||w||)s—||w||.
0 S 10T = J1@L+ ) y

Forl € N, let e(l) € N be defined by |e(]) — wl| = mineN |j — l!]|. Since w is not
rational, e(]) is the only integer e such that e — wl| < 1/2. § = §1 + S>, where

lwy, ;| [wren)]
S1 = Z ————F————and 5 := Z : .
oot ey @ = 1@+ ) ot 10 = D] + e (D)
We first find an upper bound for S;. For j # e(l) we have that |j — wl| > |j — e(])| —
le(l) —wl| = |j —ed)| —1/2 > |j — e(l)|/2. Moreover, since |e(l) — wl| < 1/2,itis
easy to see (remember that @ > 1/2) that e(/) + ! < 4wl, and hence |j —e(l)| +1 <
Jj+el)+1=<4(j+ wl). Defining w; j by w; j =0if j < 0or j =1, we deduce

8lwy, |

S
L= 2 |j—eDI(j —eDI+D

1>0,j€Z, j#e(l)

Hence, by the Cauchy-Schwarz inequality, S1 < 8Rj|w|;2, where

1 1
R2 = = —
: Z (J—e?(j — e +D? Z 2311 +D?

1>0,j€Z, j#e(l) 1>0,jeZ, 0/

1
S 2 aayE s

120.jeZ.j#0 7

We now find an upper bound for $;. Since w € W,,, for [ # e(l), |wl — e(D)||wl +
e(l)] = ylI~"(wl + e(l)) > y. Hence, still by the Cauchy-Schwarz inequality, S» <
(1Y) Ceyt [Wr.ey| < (€/9)lwl].

Finally we prove (5). Writing r = 3, ;= 71j cos(?) sin(jx), s = >0 ;1 1)
cos(lt) sin(jx),

L~ l'IWs = Z o cos(lt) sin(jx) , Iy = Z 212 cos(lt) sin(jx),
J#l J#l
_ _ siir; (1 — w?)I?
r(L7' = L™ Y(Mys) dt dx = 72 LA —. (20)
/Q v LW -
J#
By (20), since w?l? — j2 > wy and 12— j2 > 1,
_ lw — 1]
\/r(L —e My drdx| < 2SN g 12 = 2= e iy,

J#l

which proves (5). O
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Proof of Lemma 3.6. Write v(t,x) = n(t +x) —n(t —x) € Vand v?(t, x) = m(t +
x,t —x) withm(sy, s2) = (n(s1) — n(s2))?. Define, for so < 51 < sp + 271,

1
M(s1, $2) = _§f m(&1, &) d&) d&, 21

Q:] 282

where Oy, 1= ((51.62) € R* |51 < &1 <52+ 27, 52 < &2 < 51).
The partial derivative of M w.r.t. sy is given by

so+2m N

1
mEn s1) dé +§/ (s, &) dér.

52

1
05, M (51, 52) = —§/

51

Differentiating w.r.t. so, remembering that m(sy, s2) = (n(s1) — n(s2))? with p even,
and that 7 is 2z -periodic, we obtain

1 1 1
05,05y M = —gm(S2 + 2w, 51) — gm(Sh $2) = —Zm(sh 52).

Moreover M (s1, s1) = M(s1,s1 —2m) = 0and M(s1 + 27, 50 +2m) = M(sq, 52).

This implies that z(¢, x) = M (¢t + x, t — x) satisfies —z;; + zxx = v” and z(¢, 0) =
2(t,m) =0, z(t + 27, x) = z(z, x). As a consequence, z € L™ (v”) + V and G(v) =
(@*/2) [gvPz.

By (21), since (p being even) m > 0, M and z < 0. Hence G(v) < 0.If G(v) =0,
then v? (¢, x)z(t, x) vanishes everywhere, which implies that m (s, s2) = 0 or M (s1, 52)
=O0forall sop <s1 <80+ 2. If M(s1,52) = 0, then m(&1, &) = O for all (&1, &) €
QOs1.5, and so m(sy, s2) = 0. In any case m(sy, s2) = 0, and so v = 0. We can conclude
that G(v) <Oforallv #0. O
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